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THURSDAY, OCTOBER 28th, 2021

08:30 AM – 09:00 AM MEET & GREET– Conference Room (Salon E & F)

09:00 AM – 09:10 AM OPENING REMARKS – Robert Dimeo, NCNR Director

09:10 AM – 10:40 AM 1st LECTURE – Static Scattering – Norman Wagner

10:40 AM – 11:00 AM TEA BREAK

11:00 AM – 12:30 PM 2nd LECTURE – Dynamic Scattering – Antonio Faraone

12:30 PM – 01:30 PM LUNCH BREAK

01:30 PM – 03:00 PM 3rd LECTURE – NSE– Michihiro Nagao

03:00 PM – 03:20 PM TEA BREAK

03:20 PM – 05:30 PM INTEREST GROUPS

Polymer
Antonio Faraone

Protein
Michihiro Nagao

Membrane
Elizabeth Kelley

06:15 PM – 07:45 PM BANQUET – Group Picture

07:45 PM – 08:25 PM AFTER DINNER TALK – Edward Lyman
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FRIDAY, OCTOBER 29th, 2021

08:15 AM – 08:30 AM MEET & GREET– Conference Room (Salon E & F)

08:30 AM – 09:10 AM COMPLEMENTARY METHODS – Madhusudan Tyagi

09:10 AM – 09:50 AM PROPOSAL WRITING – Paul Butler

09:50 AM – 10:10 AM TEA BREAK

10:10 AM – 11:25 AM PRESENTATION SOUNDBITES

11:25 AM – 11:30 PM CLOSING REMARKS – Dan Neumann, CHRNS Director

11:30 AM – 12:15 PM LUNCH

12:20 PM – 01:00 PM TRAVEL to NIST

01:30 PM – 03:00 PM NCNR GUIDE HALL TOUR

03:30 PM – 04:30 PM RETURN to HOTEL 
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Learning Goal
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✓ Learn basic concepts of scattering. 

✓ Understand the relationship between reciprocal space and real space.

✓ Learn the properties of neutrons and understand why neutrons are a good probe 
to be used to study soft matter. 

✓ Understand the principle of small-angle neutron scattering.
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Outline

• Scattering Event

• Properties of Neutron

• Coherent and Incoherent Scattering

• Scattering Form Factors

• Principle of Small-angle Neutron Scattering

4
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Bragg Diffraction 1913, Nobel Prize 1915
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θθ

θ θ

d

Bragg Diffraction
2d𝑠𝑖𝑛 𝜃 = 𝑛𝜆

Bragg’s law of diffraction:

https://en.wikipedia.org/wiki/Bragg’s_law
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Max von Laue 1912
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Friedrich, W., Knipping, P. & Laue, M. 

In Sitzungsberichte der Math. Phys. 

Klasse (Kgl.) Bayerische Akademie 

der Wissenschaften 303–322 (1912).

HCP structure of wurtzite. (Creator: 

Alexander Mann Date: 01/14/2006 
Licensed under the Creative Commons Attribution-Share 

Alike 2.0 Germany license

http://creativecommons.org/licenses/by-sa/2.0/de/deed.en
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Rosalind Franklin & Raymond Gosling, 1952

7



NSF NSE Workshop Oct, 2021© Center for Neutron Science

Wave properties of the Neutron:
Young’s experiment 1801
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https://gifimage.net/wp-content/uploads/2017/10/double-slit-experiment-gif-6.gif

Elhoushi, Mostafa. (2011). Modeling a Quantum Computer. 
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Young’s Double Slit Experiment  (1801) 
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Double Slit Experiment

dsin 𝜃 = 𝑛𝜆

d

SDD (L1)

θ
θ

Intensity of scattering is: 

I(Q)=𝜓(𝑄) 𝜓(𝑄)*= 𝜓(𝑄) 2

Q

𝑘
𝑖
=
2
𝜋
/𝜆

Vector Diagram defining Q:

Q=
4𝜋

𝜆
sin θ/2

𝛿

𝛿 = 𝑑 ∗ 𝑠𝑖𝑛𝜃

Extra distance traveled by second wave

Phase difference at detector:

𝛿 = 𝑑 ∗ 𝑠𝑖𝑛𝜃 = m ∗ λ; 𝑚 = 0, ±1,±2,±3,…

𝑘𝑖 = 2𝜋/𝜆

I(Q)=𝜓(𝑄) 𝜓(𝑄)*= 𝜓(𝑄) 2= 𝜓0
2 1 + cos(𝑄𝑑)
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Scattering Geometry
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Probing Particles: 

low energy photon (light scattering such as SLS, DLS)
high energy photon (X-ray scattering)
neutron (neutron scattering)

Probing Particle

Scattered Particle
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Scattering Geometry
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Properties Probing Particles: energy 𝐸𝑖, and momentum 𝑝𝑖 = ℏ𝑘𝑖, where 𝑘𝑖 is the

wave vector of particles. And 𝑘𝑖 =
2𝜋

𝜆𝑖
. ( 𝜆 is the wavelength of the particle.)

Properties Scattered Particles: energy 𝐸𝑓, and momentum 𝑝𝑓 = ℏ𝑘𝑓. And 𝑘𝑓 =
2𝜋

𝜆𝑓
. 

𝑘𝑖

𝑘𝑓

Probing Particle

Scattered Particle
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Scattering Geometry
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𝑘𝑖

𝑘𝑓

What we measure is the number of scattered particles at certain angles (𝜃) with a
certain energy, (𝐸𝑓).

In other words, it is essentially to measure the probability that a particle is scattered at
a solid angle with a certain energy (𝐸𝑓).

This probability is called the scattering intensity function, 𝐼 𝜃, 𝐸𝑖 , 𝐸𝑓 which is

proportional to the Differential Scattering Cross Section (dσ/dΩ).

θ

Probing Particle

Scattered Particle
dΩ
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Scattering Geometry
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𝑘𝑖

𝑘𝑓
θ

1. Momentum difference (change of wave vector) 2. Energy difference

ΔΕ = 𝐸𝑓 − 𝐸𝑖 = ℏ𝜔

The scattering intensity, 𝐼(𝜃, 𝐸𝑖 , 𝐸𝑓), can be rewritten as 𝐼 𝑄, ∆𝐸 , 𝑜𝑟 𝐼(𝑄,𝜔).

Probing Particle

Scattered Particle

θ

ki

kf Q
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Scattering Geometry
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𝑘𝑖

𝑘𝑓
θ

Static scattering intensity function

The static scattering intensity is 𝐼 𝑄 = ∫ 𝐼 𝑄,𝜔 𝑑𝜔.

If 𝑘𝑖 = 𝑘𝑓 = 𝑘, 𝑄 = 2𝑘𝑠𝑖𝑛
𝜃

2
=

4𝜋

𝜆
𝑠𝑖𝑛

𝜃

2
.

In many cases, the static scattering function is essentially the elastic 

scattering function, i.e., ΔΕ = 0. Therefore, 𝐼 𝑄 ≈ 𝐼 𝑄, 𝜔 = 0 ∆𝜔. 

Probing Particle

Scattered Particle

θ

ki

kf Q
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Scattering Geometry
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𝑘𝑖

𝑘𝑓
θ

Static scattering intensity function

The static scattering intensity is 𝐼 𝑄 = ∫ 𝐼 𝑄,𝜔 𝑑𝜔.

If 𝑘𝑖 = 𝑘𝑓 = 𝑘, 𝑄 = 2𝑘𝑠𝑖𝑛
𝜃

2
=

4𝜋

𝜆
𝑠𝑖𝑛

𝜃

2
.

In many cases, the static scattering function is essentially the elastic 

scattering function, i.e., ΔΕ = 0. Therefore, 𝐼 𝑄 ≈ 𝐼 𝑄, 𝜔 = 0 ∆𝜔. 

But they are different functions! Elastic scattering is NOT static scattering!

Probing Particle

Scattered Particle

θ

ki

kf Q
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Properties of Probes
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X-ray Neutron Light

Weight No Yes No

Wavelength (λ) 0.1 – 10 Å 0.1 - 10 Å 4000 - 7000 Å

Interaction With Electrons
With Nucleus &
Magnetic Moment

Polarizability Tensor

Charge N/A N/A N/A

Spin No Yes No

Magnetic Moment No Yes No



NSF NSE Workshop Oct, 2021© Center for Neutron Science

Nuclear Interaction
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Neutrons are scattered by the nuclei.

Scattering power varies “non-systemically” from isotope to isotope.

The scattering also depends on nuclear spin state of the atom.

Fermi pseudo-potential:

𝑉(𝑟) =
2𝜋ℏ2

𝑚𝑛
𝑏𝑖𝛿 𝑟 − 𝑟𝑖

bi is the scattering length
0 10 20 30 40

0

5

10

15

 Neutron

 X-ray

Z

b
 (

fm
)
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Isotopes & nuclear spin: the example of hydrogen
Proton with nuclear spin of ½  versus , isotope deuterium with nuclear spin of 1

Hydrogen:
𝑏+ = 1.085𝑥10−14 𝑚
𝑏− = −4.750𝑥10−14 𝑚

𝑏 = 
3

4
𝑏++

1

4
𝑏−= −0.374𝑥10−14 𝑚

⟨𝑏2⟩= 
3

4
𝑏+ 2+

1

4
𝑏− 2= 

6.524𝑥10−14 𝑚

∆𝑏 = 𝑏2 − 𝑏 2= 2.527𝑥10−14 𝑚

Deuterium:
𝑏+ = 0.953𝑥10−14 𝑚
𝑏− = 0.098𝑥10−14 𝑚

𝑏 = 
2

3
𝑏++

1

3
𝑏−= 0.668𝑥10−14 𝑚

∆𝑏 = 𝑏2 − 𝑏 2= 0.403𝑥10−14 𝑚
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Nuclear Spin
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Neutron Properties

✓ Mass, mn = 1.67510-27 kg

✓ Spin, S = 1/2 [in units of h/(2)]

✓ Gyromagnetic ratio  =gnn/[h/(2)] =

1.832108 s-1T-1 (29.164 MHz T-1)

In a Magnetic Field

✓ The neutron experiences a torque from a magnetic 

field B perpendicular to its spin direction.

✓ Precession with the Larmor frequency:

𝑁 = 𝑆 × 𝐵

BL

S

N

𝜔𝐿 = 𝛾𝐵

S
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Spin-flip/Non-spin-flip Scattering
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Sample scattering events sometimes involve with spin-flip scattering

Coherent scattering: Non-Spin-Flip Scattering

Isotope incoherent scattering: Non-Spin-Flip Scattering

Spin incoherent scattering: Spin-Flip Scattering  -- 2/3 Spin-Flip probability

Nuclear spin 𝑆𝑛Neutron spin 
1

2

Quantization in an axis Random orientation

Spin-incoherent
Non-spin flip in the quantization axis

Spin flip in other axes

+
1

3

2

3
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Spin-flip/Non-spin-flip Scattering
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Separation of coherent + isotope-incoherent from spin-incoherent scattering

𝐼𝑁𝑆𝐹 = 𝐼𝑐𝑜ℎ + 𝐼𝑖−𝑖𝑛𝑐 +
1

3
𝐼𝑠−𝑖𝑛𝑐

𝐼𝑆𝐹 =
2

3
𝐼𝑠−𝑖𝑛𝑐

𝐼𝑡𝑜𝑡𝑎𝑙 = 𝐼𝑐𝑜ℎ + 𝐼𝑖−𝑖𝑛𝑐 + 𝐼𝑠−𝑖𝑛𝑐 = 𝐼𝑁𝑆𝐹 + 𝐼𝑆𝐹

𝐼𝑐𝑜ℎ + 𝐼𝑖−𝑖𝑛𝑐 = 𝐼𝑁𝑆𝐹 −
1

2
𝐼𝑆𝐹 𝐼𝑠−𝑖𝑛𝑐 =

3

2
𝐼𝑆𝐹

Sample scattering events sometimes involve with spin-flip scattering

Coherent scattering: Non-Spin-Flip Scattering

Isotope incoherent scattering: Non-Spin-Flip Scattering

Spin incoherent scattering: Spin-Flip Scattering  -- 2/3 Spin-Flip probability

+
1

3

2

3
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Separation of Coherent/Incoherent Scattering
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Separation of coherent + isotope-incoherent from spin-incoherent scattering

𝐼𝑐𝑜ℎ + 𝐼𝑖−𝑖𝑛𝑐 = 𝐼𝑁𝑆𝐹 −
1

2
𝐼𝑆𝐹 𝐼𝑠−𝑖𝑛𝑐 =

3

2
𝐼𝑆𝐹

0.1 0.2
10

-3

10
-2

10
-1

 

 

 SANS

 NSE_Total

 NSE_Coherent

 NSE_Incoherent

I(
Q

)

Q (Å
-1
)

d54-DMPC in D2O
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How do We Measure NSF and SF in Practice
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Polarizer Analyzer
Detector

SS

Sample

Sample

Polarizer Analyzer
Detectorπ flipper

SS

𝐼𝑁𝑆𝐹 = 𝐼𝑐𝑜ℎ + 𝐼𝑖−𝑖𝑛𝑐 +
1

3
𝐼𝑠−𝑖𝑛𝑐

𝐼𝑆𝐹 =
2

3
𝐼𝑠−𝑖𝑛𝑐
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Differential Scattering Cross Section
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In a neutron scattering text book, you will find

𝑑𝜎

𝑑Ω
=
𝑘𝑓
𝑘𝑖

1

2𝜋ℏ
∑
𝑛,𝑚

𝑏𝑛𝑏𝑚⟨exp −𝑖𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ⟩

Here we consider average scattering lengths ∑
𝑛,𝑚

𝑏𝑛𝑏𝑚 = ∑
𝑛,𝑚

𝑏𝑛𝑏𝑚 + 𝑏𝑛𝑏𝑚 − 𝑏𝑛𝑏𝑚

As the sample contains a large number of independent, distinct subsamples, we take an ensemble

𝑏𝑛 = ⟨𝑏𝑛⟩ = ⟨𝑏⟩

𝑏𝑛𝑏𝑚 = ⟨𝑏⟩2
For 𝑛 ≠ 𝑚, ⟨𝑏𝑛𝑏𝑚 − 𝑏𝑛𝑏𝑚⟩ = ⟨𝑏𝑛⟩⟨𝑏𝑚⟩ − 𝑏𝑛𝑏𝑚 = 0

For 𝑛 = 𝑚, ⟨𝑏𝑛𝑏𝑛 − 𝑏𝑛𝑏𝑛⟩ = ⟨𝑏𝑛𝑏𝑛⟩ − ⟨𝑏𝑛⟩⟨𝑏𝑛⟩ = ⟨𝑏2⟩ − ⟨𝑏⟩2

𝑑𝜎

𝑑Ω
=
𝑘𝑓

𝑘𝑖

1

2𝜋ℏ
× ⟨𝑏⟩2 ∑

𝑛,𝑚
⟨exp −𝑖 Ԧ𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ⟩ + (⟨𝑏2⟩ − ⟨𝑏⟩2)∑

𝑛
⟨exp −𝑖 Ԧ𝑄 ⋅ Ԧ𝑟𝑛 − Ԧ𝑟𝑛 ⟩

𝐼𝑐𝑜ℎ( Ԧ𝑞, 𝑡) 𝐼𝑖𝑛𝑐( Ԧ𝑞, 𝑡)

Coherent scattering Incoherent scattering
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Coherent/Incoherent Summary
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𝑑𝜎

𝑑Ω
=
𝑘𝑓
𝑘𝑖

1

2𝜋ℏ
∑
𝑛,𝑚

𝑏𝑛𝑏𝑚⟨exp −𝑖𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ⟩

=
𝑘𝑓

𝑘𝑖

1

2𝜋ℏ

Coherent scattering Incoherent scattering

Coherent Incoherent

= +

𝜎𝑖𝑛𝑐 = 4𝜋 ⟨𝑏2⟩ − ⟨𝑏⟩2𝜎𝑐𝑜ℎ = 4𝜋⟨𝑏⟩2

Total

𝜎 = 4𝜋⟨𝑏2⟩

All correlation Self correlation

+
1

3

2

3
× ⟨𝑏⟩2 ∑

𝑛,𝑚
⟨exp −𝑖 Ԧ𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ⟩ + (⟨𝑏2⟩ − ⟨𝑏⟩2)∑

𝑛
⟨exp −𝑖 Ԧ𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ⟩

= +

Coherent IncoherentTotal



NSF NSE Workshop Oct, 2021© Center for Neutron Science

Scattering and Correlation Functions
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Fourier Transform of the Space Correlation Function

𝑆(𝑄) = 𝐹𝑇 −𝑖𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 =𝐹𝑇𝑆 𝑔(𝑟)

Remember Bragg’s law 𝑞 =
2𝜋

𝑟

Adapted from: Lopez-Barron, C.R., L. Porcar, A.P.R. Eberle, and N.J. Wagner,

"Dynamics of Melting and Recrystallization in a Polymeric Micellar Crystal 

Subjected to Large Amplitude Oscillatory Shear Flow," Physical Review 

Letters 108, 258301  (2012).
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Scattering Functions
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Self

Collective

𝑆𝑖𝑛𝑐(𝑄) =
1

𝑁
𝐹𝑇 

𝑖

𝑏𝑖
2 − 𝑏𝑖

2 exp[ − 𝑖𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ]

𝑆𝑐𝑜ℎ(𝑄) =
1

𝑁
𝐹𝑇 

𝑖,𝑗

𝑏𝑖 𝑏𝑗 exp[ − 𝑖𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ]

SN(Q) = Sinc(Q) +  Scoh(Q)

Sinc(Q) is the space Fourier transform of the SELF correlation function

Scoh(Q) is the time Fourier transform of the PAIR correlation function
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Scattering Functions
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𝜎𝑖
𝑐𝑜ℎ = 4𝜋 𝑏𝑖

2

𝜎𝑖
𝑖𝑛𝑐𝑜ℎ = 4𝜋 𝑏𝑖

2 − 𝑏𝑖
2

Coherent Scattering Cross Section 

Incoherent Scattering Cross Section 

𝑆𝑖𝑛𝑐(𝑄) =
1

𝑁
𝐹𝑇 

𝑖

𝑏𝑖
2 − 𝑏𝑖

2 exp[ − 𝑖𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ]

𝑆𝑐𝑜ℎ(𝑄) =
1

𝑁
𝐹𝑇 

𝑖,𝑗

𝑏𝑖 𝑏𝑗 exp[ − 𝑖𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ]

SN(Q) = Sinc(Q) +  Scoh(Q)

Sinc(Q) is the space Fourier transform of the SELF correlation function

Scoh(Q) is the time Fourier transform of the PAIR correlation function
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Scattering Functions

29

𝑆𝑖𝑛𝑐(𝑄) =
1

𝑁
𝐹𝑇 

𝑖

𝑏𝑖
2 − 𝑏𝑖

2 exp[ − 𝑖𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ]

𝑆𝑐𝑜ℎ(𝑄) =
1

𝑁
𝐹𝑇 

𝑖,𝑗

𝑏𝑖 𝑏𝑗 exp[ − 𝑖𝑄 ⋅ Ԧ𝑟𝑚 − Ԧ𝑟𝑛 ]

SN(Q) = Sinc(Q) +  Scoh(Q)

Scoh(Q) is the time Fourier transform of the PAIR correlation function

Sinc(Q) is the space Fourier transform of the SELF correlation function Hydrogen has a high 
scattering cross section
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Scattering Length Density
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When Length scales are large the details of atomic properties cannot be appreciated,
a continuous medium approach is more appropriate.

Δ𝜌 = 𝜌1 − 𝜌2What matter is the contrast!!

𝜌 𝑟 =
1

𝑣


𝑖∈𝑣

𝑏𝑖𝛿(𝑟 − 𝑟𝑖) or 𝜌 =
∑ 𝑏𝑖
𝑣

𝜌𝑆𝐿𝐷,𝐻2𝑂 =
6 × 1023

𝑚𝑜𝑙

1.0𝑔/𝑐𝑚3

18𝑔/𝑚𝑜𝑙
2 × 𝑏𝐻 + 𝑏𝑂 = −0.56 × 1010𝑐𝑚−2

𝜌𝑆𝐿𝐷,𝐷2𝑂 =
6 × 1023

𝑚𝑜𝑙

1.1𝑔/𝑐𝑚3

20𝑔/𝑚𝑜𝑙
2 × 𝑏𝐷 + 𝑏𝑂 = 6.32 × 1010𝑐𝑚−2
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Scattering Contrast
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Protein Polymer
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Webtools
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https://www.ncnr.nist.gov/resources/n-lengths/
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Webtools
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Webtools
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https://www.ncnr.nist.gov/resources/activation/
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Small-angle Scattering
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𝑘𝑖

𝑘𝑓
θ

1. Momentum difference (change of wave vector) 2. Energy difference

ΔΕ = 𝐸𝑓 − 𝐸𝑖 = ℏ𝜔

The scattering intensity, 𝐼(𝜃, 𝐸𝑖 , 𝐸𝑓), can be rewritten as 𝐼 𝑄, ∆𝐸 , 𝑜𝑟 𝐼(𝑄,𝜔).

Probing Particle

Scattered Particle

θ

ki

kf Q
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Static Scattering Intensity Function
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𝐼 𝑄 = 

𝑚

𝑏𝑚𝑒
−𝑖𝑟𝑚∙𝑄

2

= 𝐹(𝑄) 2

𝐹 𝑄 =

𝑚

𝑏𝑚𝑒
−𝑖𝑟𝑚∙𝑄 = න𝜌(𝑟)𝑒−𝑖 റ𝑟∙𝑄𝑑 റ𝑟

Fourier transformation of the image
𝐹(𝑄)

Static scattering function is related with the amplitude of the FT 
of the structure. 

What is the relation between I(Q) and the structure of investigated material?

(Q: reciprocal space)
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2-D Fourier 
transforms-
symmetry

Remember Bragg’s law 𝑞 =
2𝜋

𝑟
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FFT of an aperature
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Mental gymnastics
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Static Scattering Intensity Function

40



-( ) ×

I(Q) = A P(Q)× S(Q)×

Static Scattering function Prefactor Normalized form factor Inter-particle structure factor
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Static Scattering Intensity Function

41

Molecular mass
Aggregate mass

Particle size
Particle shape
Aggregate size

Particle-Particle interaction
Phase transition
Fractal structure

-( ) ×

I(Q) = A P(Q)× S(Q)×

Static Scattering function Prefactor Normalized form factor Inter-particle structure factor
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Static Scattering Intensity Function

42

-( ) ×

I(Q) = A P(Q)× S(Q)×

Dilute sample: S(Q) ≈ 1. Low Q (Q ≈0 for SLS): P(Q ≈0)=1.

Case 1: small Q (Q ≈ 0) and dilute sample, I(Q ≈0) = A.

Case 2: dilute sample, I(Q)= A P(Q).

Case 3: small Q (Q ≈ 0) and concentrated sample, I(Q≈0)=A S(Q ≈0).

Case 4: concentrated sample, I(Q)=A P(Q) S(Q).
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P(q) for Membrane, Polymer and Protein

43
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P(q) for Membrane, Polymer and Protein
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Sphere

Rs = 50 nm

𝐼 𝑄 =

https://www.sasview.org/docs/user/models/sphere.html

10-3 10-2 10-1
10-3

10-1

101

103

105

107

 Pinhole and PD

 PD

 Pinhole

 Ideal

In
te

n
s
it

y
 (

a
.u

.)

q (Å-1)

𝐴 × 3𝑣𝑆 × 𝜌𝑆 − 𝜌𝑠𝑜𝑙 ×
sin 𝑄𝑅𝑠 − 𝑄𝑅𝑠 cos𝑄𝑅𝑠

(𝑄𝑅𝑠)
3

2

+ 𝑏𝑘𝑔

Rs
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P(q) for Membrane, Polymer and Protein
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Core-Shell Sphere

RC

Rs

𝐼 𝑄 = 𝐴 ×
3

𝑣𝑠
× 𝑣𝑐 𝜌𝑐 − 𝜌𝑠ℎ𝑒𝑙𝑙 ×

sin 𝑄𝑅𝑐 − 𝑄𝑅𝑐 cos𝑄𝑅𝑐
𝑄𝑅𝑐

3

+ 𝑣𝑠 × 𝜌𝑠ℎ𝑒𝑙𝑙 − 𝜌𝑠𝑜𝑙 ×
sin 𝑄𝑅𝐶𝑠𝑆𝑝ℎ − 𝑄𝑅𝑠 cos𝑄𝑅𝐶𝑠𝑆𝑝ℎ

𝑄𝑅𝐶𝑠𝑆𝑝ℎ
3

2

+ 𝑏𝑘𝑔

https://www.sasview.org/docs/user/models/core_shell_sphere.html

SansToolBox, p. 278
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Cylinder Fractal

46

SANS ToolBox p. 282 SANS ToolBox p. 339
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P(q) for Membrane, Polymer and Protein
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Gaussian coil

𝐼 𝑄 = 𝐴 × 𝜙𝑝𝑜𝑙𝑦 × 𝑣𝑝𝑜𝑙𝑦 × 𝜌𝑝𝑜𝑙𝑦 − 𝜌𝑠𝑜𝑙 × 𝑃 𝑄 + 𝑏𝑘𝑔

https://www.sasview.org/docs/user/models/poly_gauss_coil.html

𝑃 𝑄 =
2 1 + 𝑈𝑍 ൗ−1

𝑈 + 𝑍 − 1

(1 + 𝑈)𝑍2

𝑍 =
𝑞𝑅𝑔

2

1 + 2𝑈
𝑈 =

𝑀𝑤

𝑀𝑛
− 1
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P(q) for Membrane, Polymer and Protein
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Lamellae

δ

𝐼 𝑄 = 𝐴 ×
8𝜋 × (𝜌𝐿 − 𝜌𝑆𝑜𝑙)

2× sin2( ൗ𝑄𝛿
2)

𝑄4𝛿
+ 𝑏𝑘𝑔

https://www.sasview.org/docs/user/models/lamellar.html
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Guinier Plot
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Radius of gyration RG: a measure of size of an object 

𝑅𝐺
2 =

𝑖

𝑏𝑖(𝑟𝑖 − ǉ𝑟)2

𝑃(𝑄) = exp( −
1

3
𝑅𝐺
2𝑄2) or ln( 𝑃(𝑄) = 1 −

1

3
𝑅𝐺
2𝑄2

(Weighted by the scattering length)

When QRG << 1, where RG is the largest length scale in a measured object, 

0 0.1 0.2 0.3 0.4
10

-6

10
-4

10
-2

10
0

P(Q)

Q (Å-1)

0 5 10 15

x 10
-3

-8

-6

-4

-2

0

ln(I(Q))

Q2(Å-2)

Slope=−
1

3
𝑅𝐺
2

Guinier plot

R=40Å

The equation is independent of shape, size and contrast.
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Interparticle Structure Factor S(q)
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I(Q) = A × P(Q) × S(Q)

S.-H. Chen Ann. Rev. Phy. Chem. 1986, 37, 351

𝑆(𝑄) =
1

𝑁


𝑗,𝑘

𝑒−𝑖𝑄⋅ Ԧ𝑟𝑗𝑒𝑖𝑄⋅ Ԧ𝑟𝑘

= 1 +
1

𝑁


𝑗≠𝑘

𝑒−𝑖𝑄⋅ Ԧ𝑟𝑗𝑒𝑖𝑄⋅ Ԧ𝑟𝑘

= 1 + 𝑛න(𝑔(𝑟) − 1) 𝑒𝑖𝑄⋅ Ԧ𝑟𝑑 Ԧ𝑟3

S(Q): Inter-particle structure factor

n: number density
g(r): pair distribution function
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Interparticle Structure Factor S(q)
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I(Q) = A × P(Q) × S(Q)

𝑆(𝑄) = 1 + 𝑛න(𝑔(𝑟) − 1) 𝑒𝑖𝑄⋅ Ԧ𝑟𝑑Ԧ𝑟3

S(Q): Inter-particle structure factor

n: number density
g(r): pair distribution function

-( ) ×

I(Q) = A P(Q)× S(Q)×
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How do we obtain neutrons?

https://www.google.com/url?sa=i&url=https%3A%2F%2Fwww.extremetech.com%2Fextreme%2F217486-extremetech-explains-how-does-nuclear-energy-work&psig=AOvVaw0Ia5blJmnl9Y4xzMIoIQds&ust=1599697071290000&source=images&cd=vfe&ved=0CAIQjRxqFwoTCPD415Lm2usCFQAAAAAdAAAAABAc
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Obtaining Cold Neutrons
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SANS Instrumentation

54



NSF NSE Workshop Oct, 2021© Center for Neutron Science

NIST Center for Neutron Research
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In class example problem:
Neutrons are produced in a nuclear reactor with an 
energy of many ev. They are then passed through a 
cold source (such as liquid hydrogen or deuterium) 
and thermalized at 20 K for use in neutron diffraction 
experiments.  These are called “Cold Neutrons”:

Questions:
– What is the distribution of velocities for 

these thermal neutrons.
– What is the most probably velocity
– What is the average velocity
– What is the standard deviation of the 

velocity?
– What is the corresponding wavelength 

and energy (in ev) of the most probable 
velocity?

– Thought question, why do we use 
thermal neutrons and not those 
produced in the reactor?

Data:  
1 ev = 1.6x10-19 J
Mass neutron: 1.674927x10-27 kg
Speed of light in vacuum: 2.997925x108 m/s
K = 1.38x10-23 J/K
h = 6.26069x10-34 Js

𝐸 =
1

2
𝑚𝑣2 =

ℎ2

2𝑚𝜆2



57
NSF NSE Workshop Oct, 2021© Center for Neutron Science

Solution:
Cold neutrons are thermalized at 
20K with the Maxwell-Boltzmann 
distribution:

𝑝 𝑣 = 4𝜋(𝑚/2𝜋𝑘𝑇) ൗ3 2𝑒−𝑚𝑣2/2𝑘𝑇

𝑣𝑚𝑎𝑥 =
2𝑘𝑇

𝑚
= 574

𝑚

𝑠

𝑣 2 =
8𝑘𝑇

𝜋𝑚
, 𝑣 = 648

𝑚

𝑠

𝑣2 =
3𝑘𝑇

𝑚
, 𝑣2 = 703𝑚/𝑠

𝑣2 − 𝑣 2 = 273
Energy: 3.5e-22J, 2.2mev, 𝜆=6.1Å

We use these cold neutrons for diffraction as their 

wavelength is comparable to atomic spacings and 

their energies are low enough that they do not 

damage materials. 


